Abstract. Optimal growth theory as it stands today does not work. Using strictly concave utility functions systematically in ‡icts on the economy distorsions that are either historically unobserved or unacceptable by society. Moreover we show that the traditional approach is incompatible with competitive equilibrium: any economy initially in such equilibrium will always veer away into unwanted trajectories if its investment is planned on the basis of a concave utility function. We then propose a rule for the optimal savinginvestment rate that simultaneously generates three intertemporal optima for society. The rule always leads to reasonable time paths for all central economic variables.
Introduction
Signed in 1992, the Maastricht Treaty stipulates that the total public debt of each member country should be less than 60% of its GDP and the yearly public de…cit smaller than 3% of GDP. Today these criteria apply to 28 countries of the European Union as well as to any potential member. One may infer that those numbers have been determined by some reference to the optimal savings of a nation. In fact, any such link was totally absent, and those rules that have a bearing not only on the present but also on the future welfare of half a billion individuals are not supported in any way by 1 I want to acknowledge the invaluable help given to me by my colleague Ernst Hairer without which I would not have been able to put the utility functions to the test of competitive equilibrium. The solutions of the resulting di¤erential equations and the spectacular diagrams of Section 3.2 are due to him. I am also very grateful to Kenneth Arrow, Giuseppe De Archangelis, Robert Chirinko, Daniela Federici, Robert Feicht, Giancarlo Gandolfo, Jean-Marie Grether, Erich Gundlach, Andreas Irmen, Bjarne Jensen, Anastasia Litina, Miguel Leon-Ledesma, Rainer Klump, Peter McAdam, Bernardo Maggi, Enrico Saltari, Wolfgang Stummer, Robert Solow, Juerg Weber, and Milad Zarin-Nejadan as well as to participants in seminars at Stanford, Frankfurt, Luxembourg and Rome (La Sapienza) for their highly helpful remarks. economic theory. Why? This paper will argue that optimal growth theory, as it has been developed, has never been able to come up with a reasonable answer to the problem of determining how much a nation should save.
We will show that the traditional approach, based on the systematic use of strictly concave utility functions, never delivered; and when the bold step of modifying the utility function to obtain a reasonable answer was taken, it unfailingly led to nonsensical values for other variables of central importance such as the growth rate of real income per person, the marginal product of capital, or the capital-output ratio.
Our profession should have taken note of those inadequacies long ago. They had been met already by the very originator of the theory, Frank Ramsey (1928) who tried to put numbers on the theory, and whose disappointment when obtaining a savings rate of 60% is almost palpable. Thirty years later, Richard Goodwin (1961) obtained even worse results in all models he considered -but contrary to Ramsey, he set out to defend them in a dumbfounding way. Finally, Robert King and Sergio Rebelo (1993) convincingly showed that it was an impossible task to replicate the observed development of an economy by assuming some form of the traditional model. They tried to modify in many ways not only the parameters of the models they were using, but eventually the very nature of the latter -to no avail. Their conclusion was unequivocal.
The central result of this paper is two-fold: …rst we demonstrate that the concavity of the utility functions impedes any possibility of a sustained competitive equilibrium; any economy initially in such equilibrium will always veer o¤ from that situation into unwanted trajectories if it is governed by the standard model. We then propose the following solution to the problem of optimal growth: optimal trajectories of the economy, and …rst and foremost the optimal savings rate, should be determined by the Euler equation resulting from competitive equilibrium. By saving and investing along lines de…ned by such an equilibrium, society is able to reach simultaneously three intertemporal optima, as we will demonstrate: minimisation of production costs, maximization of the sum of discounted consumption ‡ows, and maximization at any point of time of the value of society's activity. This implies that the utility function is any a¢ ne function of consumption, the latter measuring welfare ‡ows. We will show that for all parameters in the range of observed or predictable values, as well as for quite di¤erent hypotheses regarding the future evolution of population or technical progress, we are always led to very reasonable time paths for all central variables of the economy.
We will proceed as follows. In Section 1 we review evidence of the non applicability of the traditional approach, starting with the Ramsey model. We will show that although the utility function used by Ramsey looked intuitively justi…able, it was very close to a function that implied a 60% savings rate not just at one point (as Ramsey had observed), but at all its points, and that to obtain a more reasonable savings rate -in the range of 10-20% -one should introduce a utility function that could hardly correspond to any individual, and even less to a whole society. We then turn to the second attempt of de…ning an optimal savings rate, that of Goodwin (1961) where the marginal savings rate could reach 95%. We then remind the reader of the extensive, highly convincing analysis of the problem carried out by King and Rebelo (1993) .
In 2009, unaware of the King and Rebelo study (who had used three particular utility functions in their tests), we made a thorough study of all possible utility functions belonging tho the families (A) U = (C 1)= and (B) U = (1= )e C : Our aim was to de…ne in the standard model the initial optimal savings rate leading to equilibrium. We showed that for all possible values of parameters in the observed range, equilibrium can be reached in the (A) case with a reasonable initial savings rate only if the coe¢ cient is extremely low. The situation is even worse with family (B) since equilibrium does not exist any more: what looks like a stable arm in the phase diagram in fact leads to a cusp point invariably followed by disaster in the form of zero consumption reached in …nite time. Prompted by the King and Rebelo study, in Section 2 of this paper we extend our analysis to the implied initial growth rate as well as to the limiting value of the marginal productivity of capital, and show that as soon as adjustments are made to the utility function to obtain a reasonable initial savings rate, historically unobserved or unwanted values appear.
We then demonstrate (Section 3) that competitive equilibrium is unsustainable in the traditional model. We suppose that initially the economy is in a situation of competitive equilibrium and that from that point onward it can follow any of two possible kinds of paths: a) investment is planned in such a way as to maximize intertemporally discounted utility ‡ows, the utility function being the widely used a¢ ne transform of a strictly concave power function; this is the traditional approach.
b) investment is made in such a way as to conform to the Euler equation de…ning competitive equilibrium. This will be our suggested solution to the basic problem of optimal economic growth. We will show that in the …rst scenario, although central variables have normal, historically observed initial values, in all cases their time paths run astray, and explain analytically this behavior.
Section 4 provides our solution: we show that scenario b), while securing the three intertemporal optima for society we mentioned earlier, always yields reasonable results for the following fundamental variables: the optimal savings rate, the implied growth rate of income per person, and the capital-output ratio.
In Section 5 we take the natural step of checking the robustness of these results not only to changes in the values of the parameters of the model, but to very di¤erent evolutions of population and technical progress. Indeed, we hold that a model for short, medium and long run horizons should take into account in particular the quasi-certainty of a non-exponential evolution of population. We will show that despite signi…cantly di¤erent hypotheses the time paths of the central variables just mentioned remain within very reasonable, predictable ranges, thus confering a welcome robustness to the model.
1. Three essays that should have been alarm bells: Ramsey(1928) , Goodwin (1961) , King and Rebelo (1993) .
1.1. Ramsey: the …rst di¢ culties. With his highly original, beautifully written essay "A mathematical theory of saving" (1928) Ramsey had considerable merit. On the one hand he set out to tackle a central problem for society: in his own words, he asked "how much of its income should a nation save?" (p. 543). On the other, his exposition was highly interesting from a methodological standpoint; his central result was obtained through three di¤erent venues: …rst by reasoning along purely economic lines; second by applying the calculus of variations; and third, quite surprisingly, through ordinary calculus by making a subtle change of variable in the integral he was minimising.
It is now essential to recall with precision Ramsey's objective and result. (For convenience, we shall use contemporary notation, where K; L; F (K; L); C replace c; a; f (c; a); x and stand for capital, labor, production and consumption respectively). Ramsey looked for the optimal trajectory of saving and investment minimising the integral
where B, standing for "bliss", is an upper bound of utility U reached asymptotically when C ! 1. C is constrained by F (K; L) = C + _ K and V (L) is the disutility of labor. A …rst order condition for this minimisation, obtained by any of the above-mentioned methods, is that saving (or investment) be equal to
Then Ramsey set out to put numbers on his formula 2 . For that purpose, he settled with the following (numerical) utility function:
2 The brilliance of this beautiful essay is somewhat tarnished by a conceptual mistake, rightly pointed out by Alpha C. Chiang (1992) . Upon reaching his formula, Ramsey wrote: "The most remarkable feature of the rule is that it is altogether independent of the production function F (K; L) except in so far this determines bliss". As Chiang notes, this statement is incorrect because U 0 (C) in the denominator of (1) depends on the production function through the Euler equation
We may add that for analogous reasons the expression U (C) V (L) in the numerator also depends upon the production function. In fact equation (1) is a second order di¤erential equation in K which is crucially dependent on F (K; L). To make this clear, just consider the case (taken up by Ramsey in his numerical example) where V (L) = 0; suppose also that the production function is simply F (K): Then the Ramsey rule implies that the optimal trajectory K is governed by the second order, non-linear di¤erential equation
where C = F (K) _ K: The very fact that in general the Euler equation is a non-linear second order di¤erential equation is far from innocuous. Indeed, unless utility or production are a¢ ne functions of their arguments, it is not possible to solve the equation analytically and numerical methods are required. It is our opinion that this fact is at the root of the slow development of the theory of optimal growth and that it explains the quasi inexistence for a long time of actual, computed optimal time paths of capital as well as those of the associated variables such as the savings rate, the marginal productivity of capital, the growth rate of income per person or the capital-output ratio. Indeed, for many years the literature simply focused on the qualitative analysis of the existence and properties of a long-term equilibrium. It is only in the last two decades that actual time paths appeared and comparative dynamics were carried out. He then chose to determine the optimal saving rate at C = 200 (note that his utility function applied to income and consumption ‡ows alike). Since he needed to evaluate U 0 (C) at that point, he interpolated an arc of parabola between the …rst three points of his discrete function to get, over the interval C 2 [150; 300] ; U (C) = C 2 =15000 + 13C=300 3 and therefore U 0 (C) = C=7500 + 13=300: For some reason, having reached that stage he did not make any hypothesis about the disutility of labor function V (L) other than considering it equal to zero. Applying equation (1), he then obtained an optimal savings ‡ow S = 300; implying a total income 300 + 200 = 500; and hence a savings rate equal to 60%.
We might want to know what would have been the optimal saving rate over the whole interval C 2 [150; 300] ; and not just at point C = 200: Plugging the arc of parabola and its derivative into (1), we get S = (C 2 =15000 13C =300+11)=( C =7500+13=300); implying an optimal savings rate s = S =(S +C ) = [1 + (
whose values are pictured in Figure 1 . It turns out that the value 60% calculated by Ramsey constitutes in fact the minimum optimal saving rate s over the whole interval [150; 300] ; s is 63% at C = 150 and reaches 80% when C = 300: Note that all these values of the optimal saving rate would have been even higher if Ramsey had taken into account, and given values, to his disutility of labor function V (L); as can be immediately veri…ed from equation (1).
1.1.1 Ramsey' s reaction to his result. One can almost feel Ramsey's disappointment when he wrote: "The rate of saving which the rule requires is greatly in excess of that which anyone would suggest", adding that the utility function he used was "put forward merely as an illustration" (p. 548). His next reaction was quite natural: he wondered whether this excessive optimal saving rate was due to the oversimpli…cation of the production process he had hypothesized, characterized by a constant population and the absence of technical progress. Be it as it may, Ramsey left the matter at that. Figure 1 . The optimal saving rate s implied by the Ramsey model; over the whole interval C 2 [150; 300] ; s is equal to or larger than 60%.
1.1.2 A neglected, important question. We may never know whether Ramsey tried to de…ne another utility function, in the hope of obtaining more reasonable optimal saving rates. But it seems evident that we should ask that very question: on the basis of Ramsey's model, what would be the utility function entailing a reasonable saving rate, for instance a constant rate equal to 10%? We may choose that the utility function goes through one of the points adopted by Ramsey, and want to determine the curve he then should have drawn to obtain that reasonable rate.
The answer can be obtained as follows: …rst, we equate to a constant the saving rate s = 1=(1 + C =S ) and use Ramsey's rule as given by (1) for S ; second, we integrate the implied di¤erential equation, and identify the constant of integration by using a point in (C; U ) space corresponding to Ramsey's utility function (for instance its …rst point).
From (1), and neglecting V (L) as Ramsey did, the optimal saving rate is:
Integrating this di¤erential equation results into the utility function
where ; the constant of integration, can be identi…ed by using any point in (C,U ) space, denoted (C 1 ,U 1 ):We get
(We verify that with s 2 (0; 1), lim C!1 U (C) = B): Setting s = 0:1; B = 8 and choosing (C 1 , U 1 ) as the …rst point of the Ramsey curve (150, 2), the resulting function
is the only utility function going through (150, 2) and yielding, under the Ramsey rule, a constant optimal saving rate equal to 10%. The bad news is that this function, depicted on Figure 2 (red line), makes no sense at all. To paraphrase Ramsey, its extreme properties are also "greatly in excess of that which anyone would suggest". Indeed the curve is close to a vertical, almost immediately followed by a horizontal; the bliss level is practically attained at C = 300 already (U (300) = 7:99). The marginal utility is U 0 (C) = 0:36(C=150) 10 ; this implies that multiplying C by a factor divides the marginal utility by 10 : For instance, from any initial point, multiplying consumption threefold divides the marginal utility by 3 10 = 59 049: One may think that choosing a larger optimal saving rate might improve the situation. That is not the case: a 20% saving rate entails a utility curve (blue line) hardly distinguishable from the preceding one. On the same …gure we have also depicted the curve corresponding to the constant rate s = 60% (yellow line). It can be seen that Ramsey chose a utility function that seemed reasonable to him (and probably to most of his readers) that was very close to a function implying an optimal saving level equal to 60% at all its points.
We might also attribute the observed antinomy between what appears as a reasonable utility function and a reasonable optimal savings rate to the very model that Ramsey put forward (in which, for instance, the future utility ‡ows are not discounted). This is not the case either. We will show Figure 2. The blue dots depict Ramsey's utility function; they are close to a utility curve entailing a constant savings rate equal to 60% at all its points (yellow curve). For the savings rate to be equal to 10%, the utility function should correspond to the red curve. The s = 20 % light blue curve is hardly distinguishable from the red curve.
that, time and again, for whatever model we might consider, not only such bland opposition is maintained, but it extends to irrealistic values of other variables of fundamental importance such as the marginal productivity of capital, the growth rate of income per person, or the capital-output ratio.
1.2. The second warning bell: Goodwin (1961) 1.2.1 Context and results. The problem of the optimal savings rate came again to the forefront with the paper by Richard Goodwin "The optimal growth path for an underdeveloped economy" (The Economic Journal, 1961) . Before describing Goodwin's models and results, it may be useful to consider the times at which the author was writing. Although his paper was published in 1961, its substance was originally presented to the Oxford-London-Cambridge Seminar on November 10, 1956. Those years were marked by the widely shared belief, even in countries like the United Kingdom or France, that planning was the answer to all possible economic woes, from shortages to in ‡ation and unemployment. We therefore should hardly be surprised when Goodwin boldly wrote: "The planners may determine the marginal utility curve in any way or may accept any sort of directive about it" (p. 763) -a statement that would seem quite extraordinary today, to say the least, but that explains the reaction he would have when confronted to his results.
The author used three types of utility functions: the …rst was derived numerically through the United Kingdom marginal income-tax schedule, 1953-54, for a married couple with two children; the second was ln(C C) where C is a subsistence level; the third was (C C)
3 . Production was supposed to be a linear function of capital.
His results should have been startling for anybody, including the author himself. In model I (corresponding to the …rst utility function) the optimal saving rate grew to 62% after 28 years, with an implied marginal saving rate of 79% at year 20. In model II, the optimal saving rate was 59% at year 24, with a marginal saving rate equal to 68% at year 12. Model III (where Goodwin chose = 0:2) was even more disastrous, leading to an optimal saving rate equal to 83% at year 36, and marginal rates of at least 95% between years 28 and 32.
Goodwin' s reaction.
Contrary to Ramsey's natural reaction to such excessive saving rates, Goodwin found those numbers perfectly justi…able. Already after getting model I results, he explained them by the gains of productivity that might be bestowed onto future generations; those gains would be so big that they would justify huge sacri…ces made by present generations; in his own words: "So great are the gains that we are fully justi…ed in robbing the poor to give to the rich!" (p. 765). With such a conviction, it is not surprising that when all results of his three models were in, Goodwin wrote:
"Some violent process of capital accumulation of the type illustrated is the ideal. The simpli…cations of the model give an unduly sharp outline of the ideal policy, but its general character is surely a sound guide to policy" (p. 772-773).
It is di¢ cult to gauge what the general feeling of the profession has been after the publication of those strong statements, but no doubt some members must have had serious reservations. It seems appropriate to mention that in a conference given in 2006, Robert Solow said he vividly remembered having read Goodwin's paper just before or just after its publication, and to have been "very worried" about its excessive optimal saving rates.
1.3 The paper that should have been the …nal alarm bell: King and Rebelo (1993) . Twenty years ago, King and Rebelo published an important, illuminating study on the transition paths for a neo-classical economy with intertemporally optimizing households. Basically, they worked with three utility functions: (i) log C; (ii) a transform of the log function of the Stone-Geary type; and (iii) ( 1=9)(C 9 1). The production function was of the Cobb-Douglas type, with a 1/3 capital share and labor-augmenting progress. In a second part of their paper they also considered a CES function with an elasticity of substitution between 0.9 and 1.25, and …nally introduced a large array of variants to the basic model.
It is worth pausing here an instant to consider to what extremes King and Rebelo had recourse regarding the utility functions in order to give the traditional model maximum chances of re ‡ecting historical experience. Indeed, taking C to the power 9 is no trivial matter. It entails exactly the same, extreme properties of the function as those we had found earlier had we wanted the Ramsey model to yield a 10% or 20% optimal savings rate rather than 60% or more: a graph practically undistinguishable from a vertical line immediately followed by a horizontal 4 , and a "bliss" level, here at height lim C!1 = 0: 1 , practically reached at C = 1:7. Exactly as before, the marginal utility (U 0 (C) = C 10 ) has the implausible property that from any initial level, multiplying consumption by a factor reduces the marginal utility by a factor 10 : An example illustrates the oddity of such a construct. Consider any country whose real income per person, over a very long time span, was multiplied by = 10 9=10 7:943: Thanks to the work of Louis Johnston and Samuel H. Williamson (2013), we can estimate that such an increase took about 115 years to be achieved in the United States (on a time frame ending in 2012) and 150 years in the United Kingdom. Applying the above-mentioned utility function would mean that over those time intervals the marginal utility of consumption has been divided by 10 = 10 (9=10)10 = one billion, certainly an indefensible proposition. But even these extreme assumptions do not prevent the model of yielding ill-fated time paths, as King and Rebelo clearly demonstrate.
The authors describe with great precision the implications of each of those intertemporal preferences on the time paths of the following variables: output, consumption, investment, output growth rate, saving-investment rate, real interest rate and wage rate. A …rst striking result is that for U = log C the initial saving rate is nearly 50%, converging toward 25% after 30 years. For the initial saving rate to be in a more reasonable range (about 10%), one has to turn to the two remaining utility functions; but then the saving rate has the disturbing property of increasing toward 25%, while one would expect technical progress on the contrary to alleviate the sacri…ces incurred by society's investment. (Later on, in the model we propose, we will observe the optimal saving rate to be permanently decreasing, if ever slowly).
Even more worrying is the catastrophic behavior of the real interest rate. Whatever the utility function chosen, it starts at 105%; it remains above 20% for 5, 11 and 19 years with each of the utility functions mentioned above. The worst behavior is associated with utility function (iii) whose extreme properties were just described: starting at 105%, the real rate of interest remains above 14% for the whole time span (30 years) examined by the authors.
Keeping then the log C utility function only, King and Rebelo tried other values for the capital share (0.5 and 0.9). With a 50% capital share, the initial real interest rate was still as high as 34%; but then the initial saving rate jumped to 53%, and converged to 38%. Only a 90% capital share produced an acceptable interest rate, but at the expense of a "wildly counterfactual" (in their own words) saving rate close to 68% at any point of time.
Highly interestingly, the authors tell us how their audiences reacted when presented these results, and what steps they then took:
"There was a recurrent reaction from audiences. A particular modi…cation of our basic model would be suggested as a means of avoiding the very high marginal product of capital in the early stage of development. Then, other supporting evidence for this modi…cation would be introduced and debated. In thinking through modi…cations suggested by a number of seminar au-diences and others of our own design, we divided them into two groups. First, there are alternative parameter choices when we work within the basic neoclassical model's production function. Second, there are modi…cations of other attributes (such as vintage capital, investment adjustment costs, separate production functions for consumption and investment goods, or international capital ‡ows)" (p. 920).
The corresponding, important results are presented in their Tables 1 and  2 (real interest rate implications of di¤erent hypotheses regarding the production function, including varying the elasticity of substitution from 0.9 to 1.25), and …gure 6 which presents the outcomes of the close, above-mentioned, relatives of the mainstream neo-classical model. The authors'conclusion is unambiguous:
"In exploring some plausible alterations of the basic model, we found that it was impossible to explain important components of economic growth in terms of transition dynamics without introducting some related implication that strongly contradicted historical experience" (p. 929).
2. The ill-fated role of utility functions.
2.1 A …rst analysis.
There are some common, striking features in all essays that either aimed at determining the optimal saving rate or, more generally, tried to replicate historical patterns under the assumption of intertemporal maximisation. One of them is that they always made use of strictly concave utility functions. If these functions were not numerically de…ned, they were either an a¢ ne transform of the power function (including the log function as a particular case) or were of the Stone-Geary form -we have never seen any numerical application of the negative exponential form ( 1= )e C ; > 0; nevertheless often declared …t for service.
Whenever counterfactual results appeared, authors seemed to be forced in the same direction: changing the values of parameters used in their models (sometimes even changing the very signi…cance of those parameters -a bold step, to say the least) or changing the models altogether. But they never contemplated the possibility that the root of the serious, repeatedly encountered problems laid in the very concavity of the utility functions.
In 2009, unaware of the contribution by King and Rebelo, we carried out a systematic study of the consequences of that concavity on the optimal trajectories of consumption and capital (La Grandville, 2009, pp. 234-261) . Recall that King and Rebelo had tested three speci…c utility functions, mentioned above. For our part we put to the test all possible values of in the function U (C) = (C 1)= ; as well as all possible values of in the negative exponential form U (C) = ( 1= )e C , > 0: We …rst brie ‡y summarize our results.
We used the central aims and hypotheses of the neo-classical model: maximisation of
is of CES form with labor-augmenting progress at constant rate g, and L t grows at constant rate n: We were able to obtain a complete picture of the relationship between the utility functions and their resulting optimal paths thanks to the generosity of our colleague Ernst Hairer who built a program to determine the initial optimal saving rate leading to the equilibrium point -and not to a collapse of the economy -not only for 2 ( 1; 1) but for a whole range of values of the following parameters: the elasticity of substitution, the discounting rate of the utility ‡ows, the population growth rate and the growth rate of technical progress:
Regarding the power function, the conclusion is as plain as it is dramatic: for all acceptable values of the parameters, a reasonable initial saving rate, in the order of 10%, can be obtained only if the power in the utility function is in the neighborhood of 5: Apart from other serious drawbacks to be underlined in the next Section, it requires a utility function such that whenever consumption is multiplied by , the marginal utility is divided by 6 , with a "bliss level" very quickly reached. It would be very di¢ cult to …nd an individual whose attitude toward consumption would …t that pattern, and certainly impossible to convince a whole society that such utility function is just hers.
The situation is even more disastrous when considering the negative exponential U (C) = ( 1= )e C ; because in that case no equilibrium point exists any more. Whatever the initial saving value, the economy will collapse either because of excessive consumption or over-accumulation of capital. Indeed, what might look, in the phase diagram, as a stable arm leading asymptotically toward an equilibrium point, is in fact quite deceptive: it will not lead to an equilibrium point, but to a cusp point, reached in …nite time. From that point onward, inexorably the economy will be led to overinvest until consumption becomes nil. The time path leading to the cusp point is not even separating two families of divergent curves (one of those leading to zero consumption, the other to zero capital). For a range of initial C 0 values above that leading to the cusp point, the trajectories pass to the left of the cusp, then curl upon themselves to fatally bring down consumption (see …gures 10.12 and 10.13, pp. 255-256).
A further examination.
In this preceding (2009) analysis we had been concerned about two issues: the existence of a steady state, and the initial value of the optimal savings rate leading to a steady state. This analysis was carried out for all possible values of the parameters relevant to the utility functions, and a wide array of values for the discounting factor and the parameters re ‡ecting the production process. But we had not determined what would be the consequences of these optimal savings rates on two fundamental features of the economy: the implied initial growth rate of real income per person _ y 0 =y 0 , and the long-term, ultimate value of the marginal productivity of capital,
We now address these issues; the results are in Table 2 . The initial optimal Grandville, 2009, pp. 237-239) .
If is in a seemingly acceptable range (say when 0 < < 1), it leads to abnormal initial optimal savings and growth rates (note that the worst scenarios correspond to = 1; nevertheless a value still often used. For instance, if = 0:5; s 0 = 81% and _ y 0 =y 0 = 28%). When becomes negative, entailing a bliss level very quickly reached, we are led to levels of marginal productivity of capital that were never observed. Whatever characteristic we are willing to attribute to the utility function, we cannot escape the same kind of implications contradictory to historical experience -or, plainly, to common sense -as those forcefully set forth by King and Rebelo.
3. How the strict concavity of utility functions makes competitive equilibrium unsustenable.
We will now show that the traditional approach, in its attempt to optimize the evolution of an economy by positing a strictly concave utility function, is simply incompatible with competitive equilibrium. To do so, we will assume that an economy is initially in a state of competitive equilibrium.We will then suppose that two di¤erent courses can be pursued: a) investment is planned in such a way as to maximize intertemporally discounted utility ‡ows, the utility function being the widely used a¢ ne transform of a strictly concave power function; this is the traditional approach. b) investment is made in such a way as to conform the Euler equation de…ning competitive equilibrium. This will be our suggested solution to the basic problem of optimal economic growth.
We will also widen our hypothesis regarding the structure of the production process by allowing, in both scenarios, technical progress to be not only labor-augmenting but capital-augmenting as well. In the traditional literature on the neo-classical model, only labor-augmenting technical progress is allowed, apparently for the following reason: that restricting hypothesis is considered necessary for the growth rate of income per person to converge asymptotically toward the rate of labor-augmenting progress, the only exception applying in the Cobb-Douglas case. We have recently shown this assumption to be wrong by demonstrating a new property of general means of order p when p is negative -precisely the case where 0 < < 1 (La Grandville 2011) and we will check that indeed, in both scenarios a) and b) the growth rate of income per person does converge toward the rate of labor-augmenting progress although progress is capital-enhancing as well.
In each scenario a) and b) we will depict the evolution of the economy represented by the following variables: the optimal saving rate, the growth rate of income per person, the marginal product of capital and the capitaloutput coe¢ cient.
Initial conditions
We suppose that at the initial time competitive equilibrium prevails in the economy. This implies that the capital stock is in such an amount that its marginal productivity is equal to the rate of interest. Total output (net of depreciation), denoted by index Y t , is given by a production function of CES form with labor-augmenting progress at constant rate g L , and capitalaugmenting progress at rate g K ; labor is increasing at rate n; the function is thus the general mean of order p of the enhanced inputs (in index form)
where the order p is the increasing function of the elasticity of substitution : p = 1 1= . Note that p will always be negative because is supposed to be in the range where it has been most often observed, i.e. between 0.5 and 0.8. However, for comparison purposes we will also give results corresponding to the p = 0; = 1 Cobb-Douglas case
The competitive equilibrium equality
implies the following time paths for the capital stock and income 5 :
[ i 1 e g K (1 )t 1] 1=p ; p 6 = 0; 6 = 1 ;
and
; p 6 = 0; 6 = 1
If = 1 we have
While the existence of a solution K t is guaranteed if = 1, it can be seen from (9) and (10) that if 6 = 1 a necessary condition for such existence is
Thus e g K (1 )t must be larger than the geometric average of i et , henceforth denoted i 1 ; acting as the weight. If 0 < < 1; this condition is always veri…ed. On the other hand, if > 1; the right-hand side of (13) is always larger than , while the left-hand side continuously decreases from 1 to 0. As a consequence there always exists a time t from which there exists no solution K :We conclude that the existence at any time of a competitive equilibrium requires that be smaller than or equal to one.
We can now determine our initial conditions K 0 and C 0 : From (9) and (11) the initial value K 0 is
yielding an initial output Y 0 = F (K 0 ; L 0 ; 0) equal to
with an initial capital-output ratio K 0 =Y 0 = ( =i) ; 1: From (9) and (10) we deduce the savings rate as s t = _ K t =F (K t ; L t ; t) :
Thus the set of initial conditions (K 0 ; C 0 ) is given by (14, 19) if 0 < < 1 and (15, 20) if = 1, de…ning the common starting point shared by scenarios a) and b).
Before we describe the evolution of the economy in each of those settings, let us consider the values taken by the common initial savings rate s 0 and the common initial growth rate of real income per person _ y 0 =y 0 . Those are respectively given by
and, from (10),
We will take = 1=3 and n = 0:01; the factor enhancing growth rates g L and g K will be those measured by Sato (2006, p. 60) It can be seen that the initial savings and growth rates implied by competitive equilibrium are in a very reasonable range, historically observed 6 . They contrast sharply with the numbers met earlier. Consider for instance the case of the logarithmic utility function, corresponding to = 0 (second line in Table 2 , with i = 0:04), and take = 0:8. It can be seen that the initial "optimal" savings rate is 50%, implying a never observed real growth rate equal to 17%. By contrast, competitive equilibrium entails s 0 = 16:4% and _ y 0 =y 0 = 2:09%:
6 The initial optimal growth rate _ y 0 =y 0 is a slightly increasing function of the rate of interest. This comes from the fact that the initial capital stock is a decreasing function of the rate of interest -as it should, therefore conducive to a smaller initial output Y 0 and a larger initial growth rate.
Putting the utility functions to the test of competitive equilibrium.
Given the above-de…ned initial conditions re ‡ecting competitive equilibrium, we now maximize R 1 0 U (C t )e it dt under the constraint C t = F (K t; L t ; t) _ K t where F (:) is de…ned by (6), (7) and where U (C) = (C 1)= :The concavity of the integrand with respect to K and _ K and the transversality conditions (shown to be met at the end of this Section 3.2) ensure that the systems of time-dependent di¤erential equations
if p < 0; 0 < 1, and
if p = 0; = 1 lead to a unique maximum, given initial values (K 0 ; C 0 ):
We started the tests of the utility function by using the parameter values mentioned above: n = 0:01; = 1=3; i = 0:04; = 0:8; g L = 0:02; g K = 0:004: From equation (22) or table 4, we know that the initial growth rate of real income per person is 2.09%. Numerical analysis of system (23, 24) enables to determine the evolution of this growth rate (Figure 3) for 25 values of the parameter of the utility function, ranging from 0.8 (upper curve in the left part of the diagram) to 8:8 by steps of 0:4: The blue curve corresponds to = 0 (the case U = log C): The lower curve in the left-hand side -becoming the upper curve on the right -corresponds to = 8:8; it practically gives the limiting curve when ! 1 (a property shared in the next diagrams). Indeed, when = 8:8 the utility curve practically reaches its asymptotic limit lim ! 1 (1= ) (C 1) de…ned by the vertical C = 1 in negative space followed by the horizontal U = 0 for C > 1:
It can be seen that for all values the growth rate increases in a …rst phase toward a maximum close to 3% after less than 20 years. Whatever the value of , the growth rate then decreases towards lim t!1 _ y t =y t = g L = 0:02: While this evolution does not seem improbable, it corresponds in fact to disaster: it parallels an ever-growing savings rate, tending very fast, asymptotically, toward 100%, as can be seen in Figure 4 . The upper curve corresponds to = 0:8; as before, the third curve (blue line) depicts the = 0, U = log C case. For all alpha values, the savings rate becomes equal to or larger than 50 % before 14 years. This absurd situation is con…rmed by the permanently declining consumption from its initial value, as shown in …gure 5. Such an excessive saving rate is naturally conducive to an inappropriately high growth rate of the capital stock. Its evolution is depicted in …gure 6. Notice that for any < 1 value in the utility function, this rate exceeds 5% per year for about 45 years.
This inordinate growth rate is paralleled by the non-sensical evolution of the capital-output ratio (…gure 7). From an initial, reasonable value equal to K 0 =Y 0 = ( =i) = 5: 45 -corresponding to competitive equilibrium -the capital-output ratio increases and tends asymptotically toward an absurd value close to 37 for any : < 1. One would expect, of course, that technical progress enhancing capital would reduce, not increase, the need of …xed capital for one unit of net output. On the other hand, in the competitive equilibrium model we suggest hereafter, we will see that the capital-output ratio decreases, if ever slowly.
We still have to show that the transversality conditions at in…nity are met. The Hamiltonian is
given the constraint
Since exp( it) tends faster to zero when t ! 1 than U 0 (C) tends to in…nity when C ! 0; the …rst transversality condition lim t!1 (t) = 0 is met. As to the second condition, lim t!1 H = 0; it can be shown numerically that lim t!1 (t) _ K (t) = 0; on the other hand, it is is clear that lim t!1 U (C) exp( it) = 0.
3.3 The incompatibility of the traditional approach and competitive equilibrium: an analytic explanation.
We illustrated numerically the fact that competitive equilibrium could not be sustained in the traditional model, this approach leading to de…nitely unwarranted time paths for variables of central importance: fast declining consumption and over accumulation of the capital stock.
The reason is simple: maximizing
If _ C is either positive or negative, the concavity of the utility function (translated by U 00 (C) < 0) precludes any equality
On the other hand, suppose that we did not discount future utility ‡ows with society's rate of preference for the present (or rate of interest) i(z), but with some other function !(z): Then, for competitive equilibrium to apply at all time; !(z) should be equal to
, which is clearly unfeasible.
A suggested solution
In the intertemporal optimization problem considered above, the only way to enforce i(t) = F K (K; L; t) is to have U 00 (C) = 0; i.e. U (C) = aC + b; where a and b are constants, a particular case being U (C) = C: It is a good place to remember that utility functions, at the macroeconomic level were simple, direct transpositions of functions considered at the micro-level. We take the liberty of suggesting that before bending down into a concave curve the relationship between consumption and society's welfare, we …rst take away from net national income the huge amount of expenditures that have simply no relationship with any present or future well-being.
We thus should be tending toward a measure of the quality of life that o¤ers much less reason to be transformed into a concave function than what was the case previously. There are sound reasons not to introduce such transformations. Consider, for instance, medical discoveries that enhance both the length and the quality of life of a large part of the population, either in rich or poor countries. Wouldn't we then conclude that those health services generate linear or even convex, rather than concave utility ‡ows? Also, contrary to what is assumed at the individual, micro level, the very knowledge that not only some given person but the rest of society as well as all future generations are able to bene…t from those discoveries can hardly induce to penalize them with a transformation into some concave function. Exactly the same reasoning would apply to the all-important expenditures on education.
Consequently, in what follows we take the step of considering that C stands for welfare ‡ows, F representing output net of a) physical and natural capital depreciation and b) all goods and services reducing welfare. In the same way _ K is standing only for investment in goods and services improving society's future well-being.
We are thus led to maximize
This leads of course to the competitive equilibrium condition i(t) = F K (K; L; t) and, if i(t) is constant, to equations 9-22 introduced in section 3 to determine the initial conditions corresponding to such equilibrium.
We now want to show that these equations always yield reasonable initial values and future time paths for the following fundamental variables: the optimal savings rate, the implied growth rate of income per person, and the capital-output ratio.
Before doing that however, we should point out how appropriate the adjective "optimal" in this context is, since all time paths described hereafter correspond to no less than three simultaneous optima.
Optimality
7 . If the competitive equilibrium condition i = F K (K; L; t) has a solution
K (i; L; t) -and we know it always does if 0 1 -it will lead to the three following, simultaneous, objectives: i) minimization of production cost (from …rst principles)
ii) intertemporal maximization of discounted consumption ‡ows. We can prove the following: the trajectory K t yields a global, unique maximum of
The Hamiltonian is
from system H _ K = 0 and H K = _ (t) we obtain the Euler equation i = F K (K; L; t) as well as (t) = exp( it): Furthermore, the transversality conditions are satis…ed: with
the Hamiltonian evaluated along the extremum is
Therefore the …rst transversality condition lim t!1 H = 0 is satis…ed if lim t!1 d log Y t =dt < i; we know that lim t!1 d log Y t =dt = n + g L by relying on the property of general means with negative order mentioned in Section 3, or on equation (10). Since by hypothesis n + g L < i;we have indeed lim t!1 H = 0; on the other hand the second transversality condition lim t!1 (t) = exp( it) = 0 is also satis…ed. Together with the concavity of the integrand of
with respect to (K; _ K); these conditions ensure that K t yields a global, unique maximum of W:
iii) maximization, at any point of time, of the present value of society's activity, de…ned as the sum of consumption and the rate of increase in the value of capital C t exp(
. The proof of this last property rests upon the identi…cation of this value with the modi…ed Hamiltonian introduced by Robert Dorfman (1969) . To honor Robert Dorfman's memory, we call this new Hamiltonian a Dorfmanian and denote it D; we have
Noting the concavity of D with respect to K and _ K and setting its gradient to zero yields i(t) = F K (K; L; t) as a su¢ cient condition to maximize D: Furthermore, it can be shown that (t) = exp( R t 0 i(z)dz) is indeed the present value of one unit of capital at time t by determining exp( Grandville, 2009, p. 347-348) .
4.2 The optimal time path of the savings rate. From equation (18), the optimal savings rate is given by
The …rst good news is that if < 1 the optimal savings rate decreases through time, as evidenced by (32) and illustrated in Table 5 for the lower bound of the elasticity of substitution ( = 0:5) and its higher bound ( = 0:8) . This decrease is due to capital-augmenting technical progress, and the rate of decrease tends asymptotically to (1 ) g K , which makes good economic sense since it is increasing with g K and decreasing with : Only when = 1 does s t remain constant, at level ( =i) n + g L + g K ( 1 ) ; given by (33). However we should note that, time and again, the elasticity of substitution has been observed as lower than, not equal to one, and that, as we had observed in Section 3.1, = 1 constitutes the upper limit for which a competitive equilibrium can be sustained.
From (32) also the natural, negative, dependence between the savings rate and society's rate of preference for the present appears immediately. Finally, there is a positive relationship between s t and :This last property is easily understood if we think of as a powerful engine of growth 8 ; the reason is that income per person, as a general mean of order p (p = 1 1= ); is an increasing function of its order and therefore of , with an in ‡ection point close to p = 0; i.e. when is in the observed range, considered here (0:5 < < 0:8): Table 5 . The optimal savings rate s (t; i) as a function of time and the rate of preference for the present, for an elasticity at its lower bound ( = 0:5) and at its upper bound ( = 0:8);other parameters: n = :01; = 1=3; i = 0:04; g L = :02; g K = 0:004: = 0:5 = 0:8 
It can be easily seen that the growth rate _ y t =y t is higher than g L (note that in the denominator of the right-hand side of (34) the inverse of the average = i 1 is always larger than 1) and very slowly decreases asymptotically towards g L ; as illustrated in Table 6 . 4.4 The optimal time path of the capital-output ratio.
In a reassuring way, the capital-output ratio K =Y , determined from (9) and (10) as
is a slowly decreasing function of time. It would be indeed bad news if this ratio were to stay constant (the case = 1, with K =Y = =i), meaning that society would have to match any growth rate of its standard of living by the same growth of …xed capital; and it would be absurd news if, as seen above in the traditional approach (section 3.2 above and Figure 7) , from a competitive equilibrium value the capital-output ratio were to increase sixfold whatever the < 1 value in the utility function. Here the ratio's rate of decline is (1 ) g K , depending positively on g K and negatively on ; which makes good economic sense. 5. The robustness of the optimal savings rate. The normal impact of di¤erent scenarios.
A natural question to ask at this point is: what would be the impact on the optimal savings rate and other central variables of very di¤erent scenarios pertaining to the population evolution and to technical progress? In our 2011 paper, we had observed that those scenarios had little e¤ect on the order of magnitude of s t . For instance, we modeled the population evolution in such a way that its growth rate would ultimately decrease, population tending toward a plateau. However, we had still made the hypothesis that the growth rates of the technical progress coe¢ cients, while decreasing in time would still tend to a positive limit; for instance we supposed that in the limit g L would tend toward g L = 1:3%: Acceptable for the medium time horizons as this hypothesis may be, it makes very little sense in the very long run because of the obvious unsustainability of exponentials. We should now consider the possibility that the economy could converge toward a stationary state, possibly corresponding to a very high income per person, and see what this implies.
To that e¤ect we replace our exponentials by S -shaped functions with the following properties. Let G(t) designate a generic function of time whose growth rate g(t) is also a fonction of time. Suppose that G(0) = G 0 , and that the growth rate g(t), with an initial value g 0 (observed today) is decreasing at a rate ( < 0): We thus have g(z) = g 0 e z , < 0; therefore
(Note from the last term that
, as it should): As t ! 1, G(t) tends toward the asymptote 9 G(1) = G 0 e g 0 = : Let a designate the asymptotic factor de…ned by the ratio G(1)=G 0 ; we have
To visualize and model easily the S-shaped G(t) curve, it is convenient to express it by reference to the asymptotic factor a rather than , the (negative) growth rate of g(t): From (37), = g 0 = ln a and therefore we have
as a function of a. If a > e; G(t) is S -shaped with an in ‡ection point at t = (1= ) ln( =g 0 ) = (1=g 0 ) ln a ln(ln a): If 1 < a e; G(t) is strictly concave throughout, with same asymptote G 0 e g 0 = . Consider now that evolutions of population and factors re ‡ecting technical progress L(t); G L (t) and G L (t) share the properties of that generic function. Their growth rates n(t); g L (t) and g L (t) are declining at constant rates _ n(t)=n(t)
The competititive equilibrium condition F K (K t ; L t ; t) = i implies the optimal trajectories 10 :
9 Since < 0; lim !0 G 0 e g0= = 1; as it should. 10 Formulas (35 -38) correspond to equations (6), (14), (17) and (21) in La Grandville (2012) . However the time paths G L (t) and G L (t) will be quite di¤erent because we are supposing here that they are S shaped (equations (45) and (46)) instead of tending ultimately toward exponentials.
where
We will compare the 30-year and 60-year horizon values in the exponential case (hypothesis 1) to those obtained in the entirely di¤erent setting given by the S -shaped curves described above (hypothesis 2). To that purpose, we choose the case of the U.S. economy for which we have estimates of g L , g K and ; those made by Sato (2006) over an 80-year time-span. Thus = 0:8; g L = :02 and g K = 0:004: Also, beyond the initial time we consider a long horizon (30 years) and a very long one (60 years); beyond that we are almost sure that the parameters of the production function are bound to shift. Tables 8a-8c present the optimal savings rate, growth rate of real income per person and capital-output under both hypotheses. We can attribute this robustness to two factors: …rst, although the evolutions of population and technical progress are dramatically di¤erent in the long run, they remain relatively close in the medium term (half a century); indeed their growth rates diminish at rates = n= ln a = 0:62% per year; L = g L = ln a = 1:24%; and L = g L = ln a = 0:24%: The second reason stems from the quick convergence of the inde…nite integral of the discounted consumtion ‡ows W (i; ; ; n; g L ; g K ) = : 1 ( =i) e (1 )g K t n + g L g K (1 1 i 1 e (1 )g K t ) dt; < 1:
(47) This integral does not have a closed form, but it can be proven to converge. Letĉ t _ C =C designate the growth rate of consumption. With parameters in the ranges considered here, the initial rateĉ 0 can be shown to be always between n + g L and i ( n + g L <ĉ 0 < i) and the rateĉ t to continuously decrease, tending asymptotically toward n + g L (this is con…rmed by the property indicated in Section 3: lim t!1 s t = 0 and lim t!1 _ Y t =Y t = n + g L ): Therefore the integral will converge to a value W between a lower bound Furthermore, the fact that the integrand is contained within two negative exponentials is an indication that the convergence of the integral will be fast. Consider horizons T 1 and T 2 corresponding to 50% and 99% of W respectively (T 1 and T 2 are de…ned by R T 1 0 C (t)e it dt = 0:5W and R T 2 0 C (t)e it dt = 0:99W ). If the parameters are the same as above, T 1 is as low as 35 years and T 2 = 213 years. This implies that the optimal paths will be very little sensitive to quite di¤erent scenarios pertaining to the population evolution as well as to the evolution of technical progress.
Conclusion.
Extending the concept of a concave utility function from micro representations to macroeconomics was an intuitive, apparently defensible idea, but it led optimal growth theory into a blind alley, precluding any possibility of solving its central problem: simultaneously determining meaningful time paths for the optimal savings rate and for other central variables of an economy. Ever since Ramsey's …rst experiment, it has been repeatedly demonstrated that such a function, whatever extreme properties it was imparted with, led to at least one evolution of a fundamental variable that was either strongly contradictory to historical experience, or simply unacceptable by society.
For our part, we have on the one hand con…rmed the serious warning signs sent to our profession in the writings of Ramsey and Goodwin, and most forcibly by King and Rebelo; in fact we con…rmed what would be concluded by anyone who would care to solve numerically the di¤erential equations implied by the theory. On the other hand we o¤ered an explanation to those dire results: the traditional approach prevents competitive equilibrium to be sustained. In particular we showed that if the economy was initially in a state close to competititive equilibrium, any attempt to de…ne an optimal investment time path along traditional lines inevitably led to a catastrophic evolution of the economy, marked by a permanent decrease in consumption accompanied by an inordinate accumulation of capital.
Our solution to the problem of optimal growth is then the following: …rst, rather than bending all consumption into a concave function as it has been done until now, we retain in consumption what can be considered as welfare ‡ows for society. This approach leads in a natural way to the following objective, probably conforming to the desires of most individuals: maximizing the sum of discounted welfare ‡ows (contrast this with the traditional approach: imposing a utility function on every individual, with the certainty that it will lead to unwanted time paths for the economy). Then de…ne with i the rate of preference of society for the present, that naturally incorporates a risk premium. We believe it will de…nitely be easier to obtain a consensus on such a rate than on some utility function, even if society is completely unaware of the impracticability of such functions. That rate could be an average of historically observed real rates of return on capital. Then, as a rule, saving and investment decisions should conform to the equation of competitive equilibrium i = F K (K; L; t). This is the Euler equation for the maximization just de…ned; with the general, historically observed hypotheses of the neoclassical model, the equation will always have a solution K t = F William Letwin wrote: "Far from being a hymn in praise of anarchic greed, the´Wealth of Nations´is a reasoned argument for justice, order, liberty and prudent plenty" (our italics). It is de…nitely arguable that with optimal growth theory we are looking for rules enabling society to achieve this last objective. It is our hope that the numbers suggested in the present essay, based on competitive equilibrium with its associate optima, contribute to that rightful purpose.
